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An “augmented” version of the drift-diffusion model in an n-semiconductor 
device is considered. The problem reduces to studying the equation +,, = q(n - N) 
for the electric potential @, coupled with a parabolic equations n, - Dnrr = G for 
the electron concentration n, where G is a function not only of n,, ((IX (as in the 
usual drift-diffusion model) but also of $I,,. Existence and uniqueness of solutions 
are established. 0 1992 Academic Press, Inc. 
1. THE PHYSICAL PROBLEM 
Consider an n-semiconductor device with electron concentration n 
and electric potential $, and denote by E the electric field, by o the 
conductivity, and by q,, the charge per unit electron. Then 
c All/ = qo(n - w, (1.1) 
where N is the doping, and 
dn 
at= -V.(nv) (conservation of mass), (1.2) 
where v is the local mean velocity of the electrons. The drift diffusion 
assumption is 
v=v,(E)-- D(E) Vn 
n ’ (1.3) 
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where vd(E) is the drift part and - (D(E)/n) Vn is the diffusion part of the 
electron density; D(E) is the diffusion coefficient. The function v&(E) is 
often taken linear in E, and D(E) is often assumed to be constant; for more 
details see, for instance, [4, 51. 
The drift-diffusion model is insufficient for submicrometer devices. 
Instead of going into more complex models (such as the Boltzmann equa- 
tion) which entails more intensive computations, Thornber [7] suggested a
revision of the relation (1.3), whereby 
D(E) v=v,(E)-- 
n 
Vn + W(E)V,E + B(E) g (1.4) 
and W(E), B(E) are given by certain expressions; this is called an 
“augmented rift-diffusion” relation. This model was subsequently analyzed 
by Price [6] and by Blakey, Burdick, and Sandborn [l] who found 
discrepancies in the asserted values of W(E), B(E). 
Restricting considerations, for simplicity, to the case of one space 
dimension, Blakey, Maziar, and Wang [2] suggested to replace the last 
two terms in (1.4) by 
This yields the relation 
uci(E) - Wn)(Wax) + Y aE 
v= - 
1 - y(aE/ax) 1 - y(cYE/iJx) at ’ (1.5) 
The parameter y is actually a function 
(1.6) 
this function was computed in [23 by using (1.5) with spatially uniform 
field E = E(t) and measuring experimentally the response u; y may take 
both positive and negative values. For fixed dE/dt, it has the form shown 
in Fig. 1. 
The purpose of this paper is to establish existence and uniqueness for the 
augmented drift-diffusion model consisting of (1.1 ), (1.2), (1.5), and 
appropriate initial and boundary conditions; y is assumed to be constant, 
either positive or negative (for y negative we must require that 1 - y(aE/ax) 
be positive at t = 0). 
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FIGURE 1 
2. FORMULATION OF THE MATHEMATICAL PROBLEM 
For simplicity we take N = 0; the case of general N can be treated in 
exactly the same manner. Assuming 
D(E) = const. = D, u‘,(E) = -E= I++,, 
the augmented rift-diffusion model takes the form 
Ic/,, = 94 O<x<L, t>O (q=q&), (2.1) 
1 -n -~(D~~~~x)+$lx.&(&), O<X<L,t>O. (2.2) 
l+yqn ‘-ax 
It is important to recall the size of various quantities: 
9,=1.6x 10-i’ in coulombs, 
o- 10-12, q- 1.6 x 10-7, 
D: 10 - 250 cm*/sec, 
n: lOI - 102* cm-3, 
I@)-5 Volts(u), 
v, 0,: 0 - lo7 cm/set, 
L:2x10-‘-5x10~4cm, 
E: 0 - 5 x lo5 v/cm. 
The parameter y takes values whose absolute value is in the range 
0 - 2 x lo-’ cm*/v. 
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Applying the derivative d/ax to (2.2) and using (2.1), Eq. (2.2) becomes 
n,-Dn..= (-yqon,-II,.+yllr.,)--It--qn’. 
I +yqn 
We supplement (2.1), (2.3) with initial and boundary conditions 
4% 0) = n,(x), O<x<L, 
-&rY+pn=Oatx=O, iln,x+fln=O at x=L, 
$(O, f) = v, $(L, f) = 0, 
where I/> 0, Cc > 0, p B 0 are constants. 
We assume 
ifr<Othen 
no(x) < ;  1016, 
if y>O then 
for either y < 0 or y > 0 
O<n -. 0 (x)B<rx lOI ct3 . 
(2.3) 
(24) 
(2.5) 
(2.6) 
(2.7) 
We non-dimensionalize by setting X=x/L, D = D/L2, E = yq, u = ii/L, 
and rewriting the system (2.1), (2.3), (2.4) in the variables (2, t). After 
dropping the bar over x, we arrive at the system 
$,, = 9L2n7 O<x<l, t>o, 
44 0) = n,(x), 
-cm,+j?n=Oatx=O, cm,+pn=Oatx=l, 
$40, t) = K $(l, t)=O. 
Let MO, M, be the smallest positive constants such that 
0 <no(x) < MO, 
dno(x) 
I I - <MM,, dx 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
where n,,(x) is the function which occurs in (2.10). 
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From (2.5)-(2.7) and the change of variables x -+ XL it follows that the 
function q,(x) which occurs in (2.10) satisfies 
(2.15) 
l&lM Q 0 ct 2 (2.16) 
for the largest possible 1~1 (which occurs when Iy( = 2 x 10e9), i.e., for the 
J&J = 3 x lo-16. For smaller values of (y(, (2.15) and (2.16) hold under 
(correspondingly) weaker assumptions than (2.5)-(2.7). 
3. A PRIORI ESTIMATES 
In this section we assume that a solution to (2.8)-(2.12) exists (say for 
0 < t < T) and proceed to derive a priori estimates. 
We begin by applying the maximum principle to the solution n of 
(2.9)-(2.11). We find that 
O<n(x, t)<M, (3.1) 
as long as 1 + EIZ(X, t) remains positive; since this is true for small t, by 
(2.15), it follows, by a continuity argument in t, that (3.1) will remain true 
for all t < T, and 
1 + &II(X, t) > ;. (3.2) 
Consider the function 
One can easily check that 
n u,=~---u nt 
1 + En 1 +m 
u,= 
nXX(l +cn)-En: 
(1+&n)* ’ 
(3.3) 
(3.4) 
(3.5) 
409/168/Z-9 
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and 
n ix x =-- n,n,,( 1 + HZ) - 2mj, 
1 +.sn 
28 (y=)* - 
(1 +Eqn)3 
n xxx vf,, =-- 
3’(1 +en)* 
4 
1 +m +2E2 (1 +&ny’ 
Differentiating (2.9) with respect o x, we obtain 
n xf - Dnxxx = 
9 -Dcn,u,-Dm,,u--$--F 
+ YKdxr -++ntu-2qnn,. 
L2 
(3.6) 
(3.7) 
We now compute, using (3.7), 
ut - Du,, 
n xI - Dnxxx n, n3 = 
1 + En 
--EU-+ 30~ (;;nn;;)2-2Dc2 (l+& 
1 +En 
-5) u-2qnn,] 
n, 4 --~u-+3Dt.(;;~;;)~-2D~*(l+~~)~ 
1 + Eli 
-Dm,-i+G,L~2+y~xrL~2 2qn(l+m)+qnL-* = 
1 + En ux - 1 +En 
U 
4 +2D&(~~~~)*-2D&2(I+sn)3. 
Using (3.5) on the right-hand side, we conclude that 
u, - Du,, = f&G t) ux - &Ax, tb4 
where 
focT t)= 
-Dtzn,-$,L-2+y~,,L-2+2Dm, 
1 +m > 
&3(X~ t) = 
2qn(l +m)+qnL-’ 
1+&n ’ 
(3.8) 
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Since g,(x, t) > 0, we can apply the maximum principle to obtain the 
following: 
LEMMA 3.1. For any solution ($, n) of (2.8t(2.12), 
w, f)l = 
I&, t)l <M 
1 + &II(X, t)’ 2’ 
M,=max !A4,, max 
{ 
Inb(xY 
a i 1 + E%)(X) 
(3.9) 
(3.10) 
4. REDUCTION OF THE PROBLEM 
Integrating (2.8), (2.12) we get 
$(x, t) = v-(1 -x) + J.; dy iby (qL2n) -x j; dy 161; (qL2n). (4.1) 
Noting that the last integral is equal to 
we obtain 
U 
1 
ICI&, t) = qL2 - n(x, t) dx dr + j; yn(y, t) dy - If. 
x 
Differentiating this relation with respect to I and substituting the 
expressions for (I/, and lcls, into (2.9), we get 
n, - Dnxx = Fl(n, n,)+ g(x, t) j; P,(Y, t) dy-j’ n,(~, t) & , (4.2) 
x 
where 
and F,(n, n,) is a smooth functional of n and n,. 
Let 
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Then 
“0% f)id-% t) = -.mx, 1) 
and hence 
J If(Y, t) dY% f)dy= -f(z, t)+f(x, t). (4.4) 
Multiplying (4.2) by f(x, t) and integrating over (x, 1) we obtain, after 
using (4.4), 
(4.5) 
where 
Using (4.4) once again, we obtain from (4.5), 
s 1 n,(~, t) 4 .x 
=F,(n,n,)+(f(x,f)-f(l,f)) 
f(4 f) Ax, t) 
I 
’ yn(y t)dy+(Dfn )(l t) 
I > x 9 
0 
- (ojin.)(x, t) + j’ (n,fg)(y~ 1) 4 
Y 
’ EF,(n 
2 
n 
.x 
)+(f(& t)-f(L t)) 
“0x2 t) 
5 
ynt( Y, t) dy. 
0 
Substituting this on the right-hand side of (4.2) results in 
the functionals F3 and F4 are both smooth in n, n,. 
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Multiplying (4.6) by x and integrating over (0, l), we get 
(1 -l(t)) 1; Ynt(Y, 1) dY =r;;(n, n,h (4.7) 
where 
A(t)=f(l, t) j;;Exdx. 
By Lemma3.1 and (2.15), (2.16) 
This implies that 
I/l(t)l 6 + elf2 < 1. 
(4.8) 
(4.9) 
(4.10) 
From (4.7) we get 
s 
1 
YdY, 1) dY = 
F&b %) 
0 1 -A.(t) ’ 
where the denominator is uniformly positive, by (4.10). Substituting this 
back into (4.6), we finally arrive at the reduced problem 
n, - Dnxx = F(% n,), 
where F is a smooth functional of n, n,. 
We summarize: 
(4.11) 
LEMMA 4.1. The system (2.8k(2.12) for 0 <t < T is equivalent to the 
system (4.11), (2.10), (2.11), where F( n, n,) is a smooth functional of n, n,. 
Once the system (4.11), (2.10), (2.11) has been solved, @ is immediately 
determined from (4.1). 
5. EXISTENCE AND UNIQUENESS 
In this section we prove: 
THEOREM 5.1. Assume that (2.5b(2.7) hold. Then there exists a unique 
solution of (4.11), (2.10), (2.11) for all t>O. 
Consequently, by Lemma 4.1, there exists a unique solution ($, n) to 
(2.8~(2.12). 
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Proof Introduce the Banach space B, of functions u(x, t) in 
C’([O, l] x [0, S]) with U, in C”([O, l] x [0,6]) and norm 
and the subset 
B ,5,/w= {=& II4 GM}, M> 0. 
For u E B,,,, define u= Wu to be the solution of 
v , - v r.II = F(u, u,) (5.1) 
with the initial boundary conditions (2.10), (2.11). Introducing Green’s 
function G(x, t; y, S) for the heat operator with the same boundary 
conditions, we can represent Y in the form 
4x, t) = 1; G(x, t; Y, 0) no(y) dy 
I 1 
+ SC (3x2 t; Y, $1 F(u, u,) dy ds. (5.2) 0 0 
We wish to show that W has a unique fixed point. If A4 = MO + M, + 1 
then W maps Bd,M into itself provided 6 is small enough. We claim 
that W is also a contraction. Indeed, if ui = Wu,, v2 = Wu, then by the 
representation (5.2) 
I I 
ll-v*= II W, t; Y, s)CF(u,, +x) - F(u,t %,,)I. 0 0 
Noting that 
and using the standard estimate (see [ 33) 
IG,h, t; y, s)l 6 ’ -exp { -c’xI:;}, t-s 
where C > 0, c > 0 are constants, we obtain 
(5.3) 
if 6 is small enough. 
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It follows that W has a unique fixed point n, which is the unique solution 
of (4.11), (2.10), (2.11) for t-cd. 
From the representation (5.2) one can also deduce that n and n, are 
Holder continuous. Hence we can apply the Schauder estimates to 
conclude that n, and nXX are Holder continuous. 
The above proof of local existence and uniqueness can be extended step- 
by-step in time. By the a priori estimate (3.1) derived in Section 3 we 
immediately see the size of each step remains uniformly positive. It follows 
that there exists a unique global solution to (4.11), (2.10), (2.1 l), and that 
n Jx, n, are Holder continuous. 
Remark 5.1. The condition A(t) < 1 needed for Theorem 5.1 is essential 
for existence, as the following counter-example shows. Suppose in (4.6) 
F,(n, n,) E 1, g(x, t) E 2. Then A(t) E 1. We claim that the problem 
u, - uxx = 1 + 2 1’ YU,(Y, t) 45 O<x<l, t>o (5.4) 
0 
u(x, 0) = 1, u,(O, t) = u,( 1, t) = 0 (5.5) 
has no solution. Indeed if there exists a solution u then the function w = u, 
satisfies 
w,-ww,,=o, 
w(x, 0) = 0, 
w(0, t) = w( 1, t) = 0. 
Consequently, w(x, t) E 0. This, in turn, implies that u(x, t) E u(t). 
Substituting back into (5.4) we get 
u’(t) = 1 + u’(t), 
a contradiction. 
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